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Abstract
For a smooth map from a closed surface to the two-dimensional plane, its critical value set is called the apparent
contour. In this paper we study ﬁrst order local Vassiliev-type invariants of generic apparent contours.
 2005 Elsevier Ltd. All rights reserved.
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1. Introduction
LetM be a closed surface (a connected compact two-dimensional manifold without boundary), and 
a smooth map from M to the plane R2. Singular points of  are the points of M at which the rank of the
differential d is less than 2. There are only two types of generic singular points, folds and (ordinary)
cusps, and these points form a one-dimensional submanifold of M. The image  of the set of singular
points of  is called the apparent contour of , and  is said to be generic if the map  has only generic
singular points and the self-intersections of are transverse.A component of is the image of a connected
component of the singular point set. An apparent contour is canonically oriented by the following rule:
going along a component according to this orientation, the number of preimages under  of a point on
the left side of the apparent contour is higher than on the right.
Let M be the space of all smooth maps M → R2 endowed with the Whitney topology and  the
discriminant hypersurface consisting of maps having non-generic apparent contours.
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Fig. 1.
Any locally constant (and therefore constant) function on M is called a 0-th order invariant. As a
non-trivial example, the sum of projective rotation numbers Ind(i) of all components i of an apparent
contour  turns out to be a 0-th order invariant (for the deﬁnition of Ind(i), see Section 5.1): in fact, the
sum is equal to the Euler characteristics (M) of the source manifold M [13].
In the present paperwe are interested in locally constant functions onM− (i.e., numerical invariants of
the path-connected components of the space of maps having generic apparent contours). In the following
sections, wewill divide into several strata according to local types of singularities, and determine certain
ﬁrst order Vassiliev-type invariants, cf. [3,1,8,16]. For simplicity, we suppose that our locally constant
functions take values in Q. Our main result is the following theorem:
Theorem 1.1. For generic maps from a closed surface to the plane, there are exactly three linearly
independent ﬁrst order local invariants of generic apparent contours modulo order 0 invariants. Every
ﬁrst order local invariant is a linear combination of the number of cusps, the number of double points
and a kind of the Bennequin invariant associated to the apparent contour.
We will also consider the following two special situations: the case in which the surface and the plane
are oriented and the case inwhich apparent contours are given by generic projections of orientable surfaces
immersed in R3. The latter case is related to the invariants of planar wavefronts studied by the second
author [1].
Remark 1.2. A generic collection of wavefronts is not necessarily a generic apparent contour. Indeed,
our canonical orientation of contours imparts a restriction on the types of cusps: for oriented wavefronts,
if a cusp inside a segment oriented from left to right is oriented downward (resp. upward), the cusp is
called of ∨-type (resp. of ∧-type) in [1]. The deﬁnition of the orientation of the apparent contour implies
that any cusp appearing in it is always of the ∨-type (see Fig. 1).
Our approach can be adapted to maps from n-manifolds (n2) to the plane. In this case the ﬁrst order
invariants for generic apparent contours would be almost the same (or more simpler) as in our case of
n=2. However, in the case of n3, if we consider also the non-local topology of ﬁbers, it becomes much
more complicated (see [17,15]).
The authors would very much like to thank the referee for pointing out the unclear points in the earlier
versions of this paper.
2. The codimension one strata of the discriminant
Here we distinguish the codimension one strata of the discriminant  according to the type of
the corresponding singularity of maps M → R2. We denote each local stratum by a capital letter
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and we coorient it by a local rule. Then we denote by the corresponding small letter a function,
whose jump is equal to 1 at every positive crossing of this stratum (i.e., a crossing in the direction
deﬁned by the coorientation), and is zero at a crossing of any other stratum. These jumps are called
elementary.
One can associate to each region of the complement to the plane of an apparent contour  the number
of the preimages via . In the regions involved in the degeneration of apparent contours, the preimages
consist of a set of generic regular sheets plus a set of sheets necessary for the occurrence of that event.
We shall refer to these last preimages as necessary preimages.
There are 10 codimension one local strata of the discriminant  (cf. [3–7,9]). As in Fig. 2, each type
can be realized by the projection to R2 of a surface immersed in R3.
(1) Stratum L (from lips). The coorientation is towards the region where the number of cusps is higher:
l = 1.
(2) Stratum B (from beak-to-beak). The coorientation is towards the region where the number of cusps
is higher: b = 1.
30 T. Ohmoto, F. Aicardi / Topology 45 (2006) 27–45
(3) Stratum S (from swallow-tail). The coorientation is towards the region where the number of cusps
is higher: s = 1.
(4) Stratum K0 (from kasanie = tangency in Russian). The orientations of the two tangent branches
are opposite. The newly formed region between the two curves after the tangency has 0 necessary
preimages. The coorientation of this stratum is towards the region where the number of double
points is higher: k0 = 1.
(5) StratumK1. The orientations of the two branches are concordant. The newly formed region between
the two curves after the tangency has two necessary preimages. The coorientation of this stratum is
towards the region where the number of double points is higher: k1 = 1.
(6) Stratum K2. The orientations of the two tangent branches are opposite. The newly formed region
between the two curves after the tangency has four necessary preimages. The coorientation of this
stratum is towards the region where the number of double points is higher: k2 = 1.
(7) StratumT0 (from triple point). The vanishing triangle has 0 necessary preimages. (The three orienting
arrows exiting from the triple point are directed towards three alternating vertices of a hexagon.)
The coorientation of this stratum is towards the region where the number of preimages of the newly
formed triangle is higher: t0 = 1.
(8) Stratum T1. The vanishing triangle has 2 necessary preimages. (The three orienting arrows exiting
from the triple point are directed towards three adjacent vertices of a hexagon). The coorientation
of this stratum is towards the region where the number of preimages of the newly formed triangle
is higher: t1 = 1.
(9) Stratum C0 (from cusp-crossing). The newly formed triangular region with a cuspidal vertex has
three necessary preimages. The coorientation of this stratum is towards the region where the number
of double points is higher: c1 = 1.
(10) StratumC1. The newly formed triangular regionwith a cuspidal vertex has ﬁve necessary preimages.
The coorientation of this stratum is towards the region where the number of double points is higher:
c2 = 1.
3. The codimension two strata
A trivial stratum of codimension two means the transverse intersection of two strata of codimension
one, namely, the stratum corresponds to apparent contours having exactly two degenerate points of
codimension one type listed in the previous section.
A non-trivial stratum of codimension two corresponds to apparent contours with a single degenerate
point given by the image of a mono-, bi-, tri- or quadri-germ of  of codimension two. As for the
classiﬁcation of germs  of codimension two (up to coordinate changes of the source and of the target),
following Goryunov’s paper mentioned above, there are twomore types in addition to the 18 degeneracies
(I)–(XVIII) listed below. The exceptional types are called sharksﬁn and deltoid, which are of type 2
(i.e., the kernel dimension of the differential is equal to 2) with normal forms (x, y) → (x2 + y3, y2 +
x3), (x2 − y2 + x3, xy), respectively.
Strata (I), (II) and (III) correspond to mono-singularities indicated by the numbers 5, 8 and 7 in the
Goryunov–Arnold classiﬁcation in [4–6]. The strata (IV), (V) and (VI) correspond to bi-germs of a fold
plus a codimension one singularity (types B, L, S in Section 1, respectively), where the apparent contour
is transversely crossed by a smooth fold-branch. The strata (VII)–(X) correspond to bi-germs of a fold
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and a cusp, and (XIII)–(XVIII) correspond to tri-germs of three folds, or two folds and a cusp, and
(XI)–(XII) to quadri-germs of folds. Note that in the study of planar wavefronts [3] together with their
versal unfoldings, the strata (II), (VI)–(VIII) have been considered.
For these 18 strata, we analyze all the cases distinguished by the possible local coorientations of the
codimensionone strata deﬁned in the previous section.Eachpicture in the followingFigs. 3 and4 expresses
the bifurcation diagram of a stratum (I)–(XVIII): taking a (two-dimensional) versal deformation of the
corresponding map-germ, the bifurcation diagram is given by the set of parameters of the deformation
at which non-generic singularities appear. In each region of the complement of the bifurcation diagram,
the corresponding generic apparent contour is depicted.
4. The coherence system
For each codimension 2 stratum we write the condition that the variation of an invariant I, whose
jump is a linear combination of elementary jumps, vanishes along a small closed path C linked with that
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stratum. The variation of I is
I = l + b + s + 	0k0 + 	1k1 + 	2k2
+ 
0t0 + 
1t1 + 0c0 + 1c1.
The conditions I = 0 along C for all codimension two strata produce a system of linear equations in
unknowns , , · · · , 1, which we call the coherence system. We can ignore trivial strata of codimension
two, since any elementary jump along C is always zero in that case.
Lemma 4.1. The codimension two strata corresponding to the sharksﬁn and to the deltoid do not con-
tribute to the coherence system.
Proof. At ﬁrst we prove this lemma for the case of sharksﬁn. LetG : U ×W → V be a representative of
theminiversal deformation of the sharksﬁn, given by (v,w)=G(x, y, a, b)=(x2+y3+ay, y2+x3+bx)
with (x, y) ∈ U, (a, b) ∈ W and (v,w) ∈ V . For each parameter (a, b), we set G(a,b) := G(∗, a, b) :
U → V . Taking U and W sufﬁciently small, we may assume that the bifurcation diagram BG(⊂ W)
consists of some curves (half-branches) reaching the origin, each curve of which corresponds to a mono-
or multi-singularity of codimension one (denoted byL,B, . . . in our list). Note thatG has aZ2-symmetry:
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Gh(a,b) = 
 ◦ G(a,b) ◦  where h(a, b) = (b, a), (x, y) = (y, x) and 
(v,w) = (w, v). It immediately
follows that
(i) the picture of the apparent contour in V corresponding to parameter (b, a) is obtained from the
picture of the apparent contour corresponding to (a, b) by a reﬂection with respect to the diagonal
v = w;
(ii) the bifurcation diagram BG is symmetric about the diagonal b = a; Suppose that a point (c, c) on
the diagonal a = b belongs to a stratum Lc of BG. Then, by (ii) the curve Lc must be symmetric
about the diagonal, thus it coincides with one half of the line b = a. When we crossLc, (i) states
that the pictures of the apparent contours before and after the crossing are symmetric: the contour
corresponding to (c+, c−) is obtained from the one corresponding to (c−, c+) by the reﬂection
with respect to the diagonal v=w. However this causes a contradiction: any codimension one strata
listed in Section 1 does not have this property, since by crossing such a stratum some topological
property of the apparent contours always changes. Hence we have
(iii) the diagonal line a = b in W off the origin does not meet BG.
Take a small circleC inW around the origin being transverse toBG and a stratumXofBG (X=L,B, . . .).
Note that the circle h ◦ C is oriented in opposite way with respect to C. It then follows from (ii) and (iii)
that the variation x along the semicircle C in the region ba is opposed to the variation x along the
semicircle in the region ba. Hence the total jump x along C vanishes. Namely, there is no relation in
our coherence system coming from the sharksﬁn singularity. 
Also thedeltoid singularity has anobviousZ2-symmetry: for the versal unfolding (v,w)=G(a,b)(x, y)=
(x2 − y2 + x3 + ax, xy + bx), we see that G(a,−b) = 
 ◦ G(a,b) ◦  where (x, y) = (x,−y) and

(v,w)= (v,−w). So the same argument as above works. This completes the proof of Lemma 4.1. 
Remark 4.2. Although it is not needed for the proof of Lemma 4.1, we give a picture of the bifurcation
diagram for the deltoid (see Fig. 5). In fact there is no branch of the bifurcation diagram approaching
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the origin. For the sharksﬁn case, it is much harder to analyze the deﬁning equation of the bifurcation
diagram and to draw the picture (cf. [7]).
Because of the above lemma, we only check codimension two strata (I)–(XVIII). The coherence system
consists of the following equations in the ten variables , , , 	0, 	1, 	2, 
0, 
1, 0, 1:
(I) − = 0, (X) 	0 − 1 + 	1 − 0 = 0,
(II) + 0 − 1 − = 0, (XI) 
1 + 
1 + 
1 + 
1 − 
1 − 
1 − 
1 − 
1 = 0,
(III) − − 	1 + − = 0, (XII) 
1 + 
0 + 
0 + 
1 − 
1 − 
0 − 
0 − 
1 = 0,
(IV) − 0 + 1 − = 0, (XIII) 	1 − 
1 − 
1 − 	1 = 0,
(V) + 1 − 0 − = 0, (XIV) 	2 + 
1 − 
0 − 	2 = 0,
(VI) + 1 + 
1 − 0 − = 0, (XV) 	0 − 
0 + 
1 − 	0 = 0,
(VII) 	2 − 	0 = 0, (XVI) 1 + 1 + 
1 − 
1 − 1 − 1 = 0,
(VIII) 	1 − 	1 = 0, (XVII) 0 + 0 + 
1 − 
1 − 0 − 0 = 0,
(IX) 0 + 1 − 0 − 1 = 0, (XVIII) 1 + 0 − 
1 − 
0 − 1 − 0 = 0.
Theorem 4.3. Any one-cocycle, i.e. any integer-valued function I satisfying I = 0 in every generic
contractible closed path in M is deﬁned, up to an additive constant, by a linear combination of the
following independent basic jumps:
(1) I1 = l + b + s,
(2) I2 = s + 2k1 + c0 + c1,
(3) I3 = 2k0 + 2k2 + c0 + c1.
Proof. The dimension of the solution of the coherence system is three. The three basic jumps above
satisfy the coherence system and are linearly independent. 
Remark 4.4. These cocycles are cohomologous to zero. This is proved by ﬁnding explicit integral
formulae for three independent linear combinations of I1, I2 and I3, see Section 5.
Remark 4.5. In the same way as above, we may consider strata of higher codimension, and built up
corresponding coherence systems, which makes a cochain complex (the Vassiliev complex , cf. Kazar-
ian, [12]). Instead of ﬁrst order local invariants of apparent contours of generic maps M2 → R2, the
higher cocycles should correspond to some characteristic classes of oriented surface bundles (i.e., certain
polynomials of Morita–Mumford classes), that will be discussed elsewhere.
5. The invariants
For simplicity, suppose that the values of invariants are rational numbers.
Theorem 5.1. Every ﬁrst order local invariant of apparent contours is, modulo order 0 invariants, a
linear combination of three basic invariants. They are
(1) , the number of cusps, whose jump in terms of the basic jumps is
= 2I1 = 2l + 2b + 2s;
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(2) d, the number of double points, whose jump in terms of the basic jumps is d = I2 + I3, i.e.,
d = s + 2k0 + 2k1 + 2k2 + 2c0 + 2c1;
(3)  , whose interpretation in terms of Legendrian links is given later, and whose jump in terms of the
basic jumps is  = I1 − I2 + I3, i.e.,
 = l + b + 2k0 − 2k1 + 2k2.
Remark 5.2. Every linear combination with integer coefﬁcients of these three basic invariants is an
integer valued invariant. However, from Theorem 4.3 and the expressions of , d and  in terms of
I1, I2 and I3, it follows that every integer valued invariant is, modulo order 0 invariants, a linear
combination of the basic invariants with coefﬁcients in 14Z.
It is easy to verify (1) and (2). As for (3), we need some deﬁnitions, so the proof will be completed in
Sections 5.1 and 5.2. The additivity of these invariants is discussed in Section 5.4.
5.1. Legendrian knots in a projectivized cotangent space
Let us associate to each point of the apparent contour  in the xy-plane the nonoriented straight line
orthogonal to the tangent to  at the point. In this way we lift the apparent contour to the projectivized
cotangent spacePT ∗R2, with the contact form cos  dx+sin  dy, where mod  is the angle between the
straight line orthogonal to  and the horizontal line (the x-axis). The image of the lifting of an apparent
contour is a Legendrian link F. Fig. 6 shows, as an example, the lifting of a smooth arc of apparent
contour.
The frame [/x, /y, /] gives an orientation of PT ∗R2, and / orients the ﬁber RP 1. We ﬁx
these orientations throughout.
Each component Fi of the Legendrian link is the lift of a component i of the apparent contour. Note
that Fi is oriented by the orientation of i . The projective rotation number Ind(i) is deﬁned to be the
mapping-degree of the projection of Fi to the ﬁber: Fi(⊂ PT ∗R2)→ RP 1.
Shift each point of Fi by a small > 0 in the two opposite directions normal to the contact plane at the
point. In such a way we obtain a closed curve, parallel to Fi , that we denote by 	i . The curve 	i has two
connected components if Ind(i) is even, or a unique component if Ind(i) is odd. We regard the pair
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Fig. 7.
Fi ∪ 	i as a knotted strip (homeomorphic to an anulus or a Möbius band) with the center curve Fi and
the boundary 	i . The orientation of the curve 	i is induced by the one of Fi .
5.2. The linking number BL
Ignoring the contact structure, we embed the space PT ∗R2 as an unknotted open solid torus into the
oriented 3-space R3 so that the embedding preserves the orientations: Let (X, Y, Z) be the coordinates of
R3 so that the orientation is deﬁned by this order. Take an open disk D in one half of the XY-plane with
Y > 0, and rotate it around the X-axis according to the positive direction of this axis: an open solid torus
is thus obtained. We identify our xy-plane with D as well PT ∗R2( S1 × D) with the obtained solid
torus so that the rotation angle about the X-axis corresponds to 2.
We consider the knotted strip Fi ∪ 	i in the solid torus and hence in the XYZ-space by the standard
embedding. Take a generic projection of the knotted strip into some plane. The oriented “link-diagram”
consists of plane curves fi and gi , which are projections of Fi and 	i respectively. For example, the
Legnedrian lift of a positively oriented circle in the xy-plane gives a knotted strip F ∪ 	 in the solid torus,
whose link-diagram f ∪ g via a projection to a plane is shown in Fig. 7. (We draw the link-diagram as
a “closed braid”, since PT ∗R2  R2 × [0, ] modulo the identiﬁcation of the boundary. So the rotation
angle about the X-axis in this picture is not accurately depicted.)
For an oriented link-diagram, we assign to each double point the sign =±1 accordingly to whether
it is a positive or negative crossing1 . We associate to Fi the following integer, called the self-linking
1 Let za and zb be the preimages (via the projection) of a transverse double point of the link-diagram, and ta and tb the
positively directed unit tangent vectors of the oriented link at these points. The sign  of the double point is+1 if ta ∧ tb · (za −
zb)> 0. Otherwise, =−1. Notice that in generic position ta ∧ tb · (za − zb) = 0.
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number of Fi ,
Bi =
∑
k
(pk)+ 12
∑
j
(qj ),
where the former sum runs over all the double points pk of fi , and the latter sum runs over all the double
points qj of gi at which the two intersecting branches correspond to the boundary of a same piece of the
strip above the point qj . For example, in the above Fig. 7, there are two points of type q with a positive
sign and a point of type p with a positive sign, so the self-linking number is equal to 2. Note that the
self-linking number may take on values in semi-integers.
Let Li,j be twice the linking number of two knots Fi with Fj . Notice that
Li,j =
∑
k
(r
ij
k ),
where the index k runs over all the double points rijk of the projection where one branch belongs to fi
and the other one to fj .
Lemma 5.3. The integer BL =∑i Bi +
∑
i>j Li,j is a topological invariant of the Legendrian link
F =⋃i Fi .
Proof. It is easily veriﬁed that under every Reidemeister move for the links and their generalizations for
the framed knots (and knotted strips), Bi and Li,j are constant. 
Lemma 5.4. The invariant  of the apparent contour satisﬁes (for a suitable choice of the additive
constant)  = BL.
Proof. For every codimension one degeneration, we compute the variation of BL and check that it is
equal to the jump of  . In the following ﬁgures, Fi is black and 	i is gray.
(1) Positive crossing of the stratum L: l= 1, i.e.,  = 1. The lifting of the newly formed lips curve is a
new component Fi of the Legendrian link, unlinked with the other ones. A generic projection of this
Legendrian link is an eight curve, see Fig. 8. (Here and in the next ﬁgures the coordinates are as in
Fig. 6: the horizontal plane is the xy-plane of the apparent contour and the vertical coordinate is the
angle  of the contact element.) There is a point of type p with positive sign and two points of type q
with opposite signs. Hence Bi = 1, and Li,j = 0 for any j. Thus, BL increases by 1 as  .
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Fig. 9.
Fig. 10.
(2) Positive crossing of the stratum B: b= 1, i.e.,  = 1 (see Fig. 9). There are two cases: (a) the two
branches before the crossing belong to two different components or (b) to the same component.
Case (a): Let Fi and Fj be such components: a double point rij of the projections fi and fj disappears.
Its sign is equal to−1 (see Fig. 9). After the crossing, Fi and Fj form a unique component, say Fn, whose
projection is unchanged with respect to fi ∪ fj except for the death of the double point rij and the birth
of two points of type q with opposite signs in the new component. Thus we have Lk,n=Lk,i + Lk,j for
every k = i, j ; Bn = Bi + Bj + Li,j + 1. Therefore BL increases by 1, as  .
Case (b): A self-intersection point of the projection of Fi disappears, i.e., a self-intersection point of
type p of the projection of fi with sign −1 disappears. The component Fi splits into two components,
say Fm and Fn, and we have: Bi = Bm + Bn + Lm,n + 1. The two newly formed points of type q with
opposite signs belong now one to Fm and the other one to Fn and they contribute to Bm and Bn by +1/2
and −1/2, respectively. Therefore in total BL increases by 1, as  .
(3) Positive crossing of the stratum S:  = 0. As we show in Fig. 10, after the swallow-tail crossing in
a component Fi , there are only two new points of type q in the projection of gi . They have opposite
signs, hence BL remains unchanged, as  .
(4) Positive crossing of the stratum K0: k0 = 1 and  = 2. During the crossing a double point of the
projections of Fi and Fj (see Fig. 11) changes sign from −1 to +1 (so Li,j increases by 2), or a
double point of type p of the projection of a single component Fi changes sign from −1 to +1 (so
Bi increases by 2). In both cases BL increases by 2, as  .
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(5) Positive crossing of the stratum K1: k1 = 1 and  = −2. During the crossing a double point of
the projections of Fi and Fj (see Fig. 12) changes sign from +1 to −1 (so Li,j decreases by 2), or a
double point of type p of the projection of a single component Fi changes sign from +1 to −1 (so,
Bi decreases by 2). In both cases BL decreases by 2, as  .
(6) Positive crossing of the stratum K2: k2 = 1 and  = 2. During the crossing a double point of the
projections of Fi and Fj (see Fig. 13) changes sign from −1 to +1 (so Li,j increases by 2), or a
double point of type p of the projection of a single component Fi changes sign from −1 to +1 (so,
Bi increases by 2). In both cases BL increases by 2, as  .
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(7, 8, 9, 10) Positive crossing of the strata T0, T1, C0 and C1:  = 0. Since the liftings of the three
moving branches have different coordinate , nothing happens to the isotopy class of the link F, and
 = 0.
This completes the proof of Lemma 5.4 and hence of Theorem 5.1. 
5.3. BL as the Bennequin invariant.
One may consider the double covering F˜ =∪i F˜i in ST ∗R2 of the Legendrian link F =∪iFi in PT ∗R2.
Let F˜ be a shift of F˜ along the positive normal direction to the contact plane. Then the (generalized)
Bennequin invariant Bq(F˜ ) of F˜ is deﬁned in the sense of [2,14] (see also [3]), as the linking number of
the two links F˜ and F˜ (again we regard these links in a ﬁxed solid torus in R3):
Bq(F˜ )=
∑
i,j
lk(F˜i, F˜j )=
∑
i
lk(F˜i, F˜i )+
∑
i =j
lk(F˜i, F˜j )
=
∑
i
lk(F˜i, F˜i )+ 2
∑
i>j
lk(F˜i, F˜j ).
In entirely the sameway as in the proof of Lemma 5.4, it is veriﬁed that lk(F˜i, F˜i )=2Bi and lk(F˜i, F˜j )=
2lk(Fi, Fj ) = Li,j for i = j , and hence Bq(F˜ ) = 2BL(F). Hence the invariant BL is nothing but one
half of the generalized Bennequin number of F˜ .
5.4. The additive constant
Let  and  be the apparent contours of the mappings  : M → R2 and  : N → R2 respectively,
such that ∩=∅ and they are separated by a line in the plane. Consider any connected sum of apparent
contours  and  deﬁned as the apparent contour of maps  2  from the connected sum M 2 N of
surfaces into R2 (roughly speaking, it is a map obtained by removing two disks ofM and N, containing a
segment of the fold line of  and  respectively, and connecting them by a tube whose contour consists
of two parallel lines which do not intersect other parts of the contours  and ).
The invariants  and d, i.e., the number of cusps and double points, are obviously additive under
the connected sum. As for  , it follows from the previous argument that for each surface M there is
a constant cM such that  = BL + cM . For example, look at the simplest mapping of the sphere into
the plane, whose apparent contour is a positively oriented circle, see Fig. 7. Then BL = 2. Since the
connected sum of two copies of this contour produces the same contour, cS2 should be equal to −2 for
 to be additive. More generally, in a similar way as in the proof of Lemma 5.4, it is easy to see that
BL(F 2 F ′)= BL(F)+ BL(F ′)− 2, hence
 ( 2 )=  ()+  ()− 2+ cM2N − cM − cN .
So, to make  additive, there are two choices of constants: cM := −2 for any M or cM := −(M), −1
times the Euler characteristics of M. In any case cM is an order 0 invariant.
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(a) (c)(b)
(f) (e) (d)
Fig. 14.
5.5. Example
In Fig. 14 we show an example of a calculation of the invariant  for an apparent contour. Now set
M=RP 2 (the projective plane) and think of the apparent contourf via a projection of theBoy surface, the
image of an immersionRP 2 → R3, see Fig. 14f. TheLegendrian lift off is rather complicated, sowe start
by the calculation of  for the apparent contoura of Fig. 14awhich is given by a genericmap homotopic to
the map corresponding tof . LetC andT be the two components ofa corresponding to the circle and
to the triangle, and FC , FT their lifting in PT ∗R2. We haveBL(a)=BL(C)+BL(T )+ lk(FC, FT ).
Since BL(C)= 2, BL(T )= 1/2 and lk(FC, FT )=−2, we obtain BL(a)= 1/2. Connecting a to
f along the path shown in Fig. 14, we cross 3 times, from (a) to (b), the stratum S, where  does not
jump. From (c) to (d) we cross 3 times the stratum B, and at each crossing  jumps by −1. So the value
of the invariant  on the apparent contour 14f is  (f)= BL(f)+ cM = 1/2− 3+ cM =−5/2+ cM .
6. A non-local ﬁrst-order invariant
The codimension one stratum B of the discriminant can be subdivided into two disjoint strata: B1, if
the newly formed cusps belong to the same component of the apparent contour; B2, if the newly formed
cusps belong to two different components.
The coherence system, written now with the new variables 1 and 2 replacing , has to be modiﬁed
only with respect to codimension two strata I, III and IV.
• Stratum I. The stratum B can be only of type B2. Hence Eq. (I) becomes
(I′) − 2 = 0.
• Stratum III. If the stratum B on the left is of type B1, the stratum on the right is of type B2 and vice
versa. Eq. (III) becomes in both cases
(III′) − 1 − 	1 + − 2 = 0.
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• Stratum IV. The strata B on the left and right are both of type B1, or both of type B2. So Eq. (IV)
becomes
(IV′) 1 − 0 + 1 − 1 = 0 and (IV′′) 2 − 0 + 1 − 2 = 0.
These two equations are trivially satisﬁed by 1 and 2. The number of independent equations of the new
coherence system is the same as before the splitting of the stratum B, hence the dimension of the solution
increases by one. A new independent solution is in fact given by {2 = , 1 =−2, = 	0 = 	1 = 	2 =

0 = 
1 = 0 = 1 = 0}, corresponding to the jump
I4 = l − b1 + b2.
Remark 6.1. This I4 is exactly the jump of the number of components of the apparent contour (see
[10]). I4 is non-local in the sense that the jump at the strata B1, B2 depends on the global shape of the
apparent contour.
7. The splitting of the invariants  and d
A cusp point is said to be of type n if in its neighborhood the minimal number of preimages is n. We
denote by (n) the number of cusp points of type n. For compactM, n2. A double point is said to be of
type n if in its neighborhood the minimal number of preimages is n− 2. We denote by d(n) the number
of double points of type n, n2. We denote by:
B[n] and L[n]: the strata B and L where the two cusps are of type n.
S[n]: the stratum S where the double point is of type n (the newly formed cusps are of type n, too).
Ki[n] (i = 0, 1, 2): the stratum Ki where the newly formed double points are of type n.
T0[n]: the stratum T0 where three double points of type n disappear (and three points of type n+ 2 do
appear) during the positive crossing.
T1[n]: the stratum T1 where a double point of type n disappears (and a point of type n + 2 appears)
during the positive crossing.
C0[n]: the stratum C0 where the newly formed double points are of type n.
C1[n]: the stratum C1 where the newly formed double points are of type n.
Proposition 7.1. The order one independent additive invariants of the apparent contours obtained by
the above splitting of the discriminant are only d[n] and [n] (n2), with the jumps:
d[n] = s[n] + 2
3∑
i=0
ki[n] + 2
2∑
j=0
cj [n]
− 3t0[n] + 3t0[n− 2] − t1[n] + t1[n− 2],
and
[n] = + 2L[n] + 2B[n] + 2s[n]
− c0[n] + c0[n+ 2] + c1[n] − c1[n+ 2].
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Notice that in the case n= 2 both t0[n− 2] and t1[n− 2] are zero, since the strata Ti(0) are empty.
Of course
d =
∑
k1
d[2k], =
∑
k1
[2k].
8. The special case of orientable surfaces
Theorem 8.1. There are four linearly independent local ﬁrst order invariants of generic apparent con-
tours of an oriented compact surface.
Proof. Let us ﬁx an orientation of the plane and an orientation of the surfaceM. We say that a cusp point
(C)of, the image of a pleat pointC ∈ M , ispositive (resp.negative) if the image of a clockwise oriented
small topological circle around C on M rounds the point (C) clockwise (resp. counterclockwise). The
cusp points of an apparent contour are thus subdivided into positive and negative ones. We prove that the
number of positive cusps and the number of negative cusps are in fact local ﬁrst order invariants.
The codimension one strata involving cusp points are also distinguished, namely:
• L+ and L− will denote the birth of lips with two positive and two negative cusps respectively (at the
lips event the cusps have the same sign): l = l+ + l−.
• B+ and B− will denote the beak-to-beak with two positive and two negative cusps respectively (at the
beak-to-beak event the cusps have the same sign): b = b+ + b−.
• S+ (S−) will denote the swallow-tail where the second cusp in the order given by the orientation is
positive (respectively, negative). The two cusps born in the swallow-tail event have opposite signs:
s = s+ + s−.
• C+i and C−i (i = 0, 1) will denote the cusp crossing when the cusp is positive (respectively, negative).
ci = c+i + c−i .
The coherence system is now a system of linear equations with 14 unknowns whose rank is equal to
ten. (Note that in the proof of Lemma 4.1, the pair of coordinate changes (, 
) does not change the sign
of the cusp which may appear in the event of 2, thus these codimension two strata do not affect the
coherence system).
In this case there are four independent solutions as follows:
(1) I ′1 = l+ + b+ + s,(2) I ′2 = l− + b− + s,
(3) I ′3 = s + 2k1 + c+0 + c−1 + c+1 + c−1 ,
(4) I ′4 = 2k0 + 2k2 + c+0 + c−1 + c+1 + c−1 .
We have: I1 = I ′1 + I ′2, whereas I2 = I ′3 and I3 = I ′4. The only new invariant is the number
of positive cusps +, (− = − +), whose jump is equal to I ′1.
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9. Projections of oriented immersed surfaces in R3
Every generic apparent contour can be realized by the apparent contour of a composite map p ◦ 
of a certain generic map  : M2 → R3 (whose singularities are of type Whitney umbrella) and a ﬁxed
coordinate projectionp : R3 → R2. In particular, for an oriented closed surfaceM, a theorem byHaeﬂiger
[11] implies that a generic apparent contour  is realized by the projection of an immersed surface (M)
in R3 if and only if each component of  has an even number of cusps.
Let us consider now the case where the Haeﬂiger theorem holds. LetM be an oriented closed surface,
and let us ﬁx the orientation of R2 and R3. Then any generic apparent contour  which is given by the
projection of an immersed surface (M) in R3 has a natural coorientation2 . So in this case the apparent
contour becomes a collection of cooriented and oriented wavefronts. As to local ﬁrst order invariants
of such a restricted class of generic apparent contours, one can apply to this situation the results on the
local ﬁrst order invariants of wavefronts [1]. In order to avoid the long classiﬁcation of all local strata of
codimension one and two, we try to obtain some results by useful arguments as follows:
Fist of all, since we are considering of a collection of wavefronts (not only a single wavefront), we omit
the coorientation of the stratum of triple points for simplicity. Then, an invariant of wavefronts whose
jump on triple points is zero will be generalized to an invariant of cooriented apparent contours if its
jumps at the crossings of the new strata of type B and L can be deﬁned so that they satisfy the coherence
system.
Moreover, the cusps of the apparent contour have also in this case a sign (deﬁned in the preceding
section), since the surface is oriented. This sign is not deﬁned for wavefronts, whereas, on the other hand,
the apparent contour has no cusps of type ∧.
From these remarks, we have the following interpretation of the invariant p↓, which is one of the
invariants of wavefronts deﬁned in [1]. (In the sequel we shall refer to this article because even the
deﬁnitions of the strata of the discriminant require rather long and technical details).
As in [1], recall that we call a smooth branch of the curve positive (negative) if the pair (oriented
tangent vector, coorienting normal vector) orients positively (negatively) the plane.
Deﬁnition 9.1. We associate to a double point an ordered pair of signs (+,+), (+,−), (−,+), (−,−)
according to the sign of the ordered pair of tangents to the double point (the order being given by the
orientation of the plane).
Theorem 9.2. For the oriented and cooriented apparent contours, we have
p↓ = 2(number(−,+)− number(+,−))
Proof. Because there are no cusps of type ∧ in our apparent contours, this is a direct corollary of the
following formula for wavefronts:
p↓ − p↑ = 2(number(−,+)− number(+,−)).
2 Let x ∈ M be a singular point of p ◦  of fold type, and [v1, v2] the oriented basis of ∗(TMx). Let v be a normal vector
to ∗(TMx) such that the frame [v, v1, v2] gives the orientation of R3, then we take the vector p∗(v) to deﬁne the coorientation
of  at the point p ◦ (x).
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In fact, it is easy to see that the number on the right actually varies only at the strata of type C0 and C1
(called  in [1]) and the sign of the jump is exactly given by the formula. 
Remark 9.3. Of course the four numbers
number(+,+), number(+,−), number(−,+), number(−,−)
are order one invariants of oriented and cooriented apparent contours. The differential formulas of these
numbers with respect to codimension one strata can be deduced from the deﬁnition of invariants of
wavefronts, f+, f−, p↓, given in [1, p. 43].
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